Introducing h-and h ′ -deformations of Z2-graded (1+2)-and (2+1) 
Introduction
Quantum superspaces as non-commutative spaces are introduced in [8] to represent quantum supergroups. They are classified as q-deformed and h-deformed or non-standard. A non-commutative differential calculus on q-deformed spaces was first suggested by Woronowicz [12] . Using this approach, a bicovariant differential calculus on quantum 3d-superspace was given in [3] . The extension of two parameters of this calculus was introduced in [5] .
Another approach to non-commutative differential calculus was developed by Wess and Zumino [11] . They have proposed the quantum space and its dual space as parts of a differential graded algebra, the quantum de Rham complex of the quantum space. The natural extension to superspace of this case have been studied by many authors(for example, see [1, 7, 10] and references therein).
De Rham complex contains a first order differential calculus with extension to higher order. A two parameter first order differential calculus on the quantum superplane A 1|1 h that is covariant under the co-action of the quantum supergroup GL h,h ′ (1|1) is given in [2] . In the present paper, the first order differential calculus on the quantum superspace A 1|2 h , which is covariant under the co-action of the quantum supergroup GL h,h ′ (1|2) given in [4] , will be introduced by following Wess-Zumino type differential calculus. This calculus is set up with the commutation relations between the generators of function rings O(A In Section 2 we give the definitions of the (h, h ′ )-deformed quantum supergroup and of the coordinate rings of (h, h ′ )-deformed superspaces. In Section 3
we set up a first order differential calculus on the h-deformed superspace A
1|2
h . Section 4 concludes with a brief discussion of the contraction procedure for Ω(A 1|2 h ).
1 sacelik@yildiz.edu.tr Notation. The grade (or degree) of a homogenous element a belonging to a Z 2 -graded vector space (or superspace) is denoted by τ (a) = i, i ∈ Z 2 . If τ (a) = 0, then we will call the element a is even and if τ (a) = 1, it is called odd element. Throughout the paper, as in classical case, one assumes that odd (Grassmann) objects anticommute among themselves. All our objects are defined over a ground field K as R or C and K ′ as the set of Grassmann numbers.
Review of basic structures
In this section, we will briefly make mention of the Z 2 -graded Hopf algebra O(GL h,h ′ (1|2)) and (h, h ′ )-deformed quantum superspaces from [4] , where h and h ′ are both odd (or Grassmann) numbers.
The quantum super Hopf algebra O(GL h,h ′ (1|2))
Let a, b, c, d, e α, β, γ and δ be elements of a free superalgebra A and we write them in a matrix form as T = It can be obtained (h, h ′ )-deformed commutation relations between the matrix entries of T from the standard FRT construction [6] . There are two things that are important when we find the commutation relations between the matrix elements of T . The first is to give the commutativity relations we expect for the coordinates on the classical supergroup GL(1|2) formed by 3x3 super matrices when h = 0 = h ′ . The second is that we need that relations when setting up the differential calculus.
The relations in the following theorem are presented in [4] . We consider the R-matrix [4] 
which satisfies the Z 2 -graded Yang-Baxter equation.
In the following theorem we assume that the odd matrix elements of T are anti-commutative with h and h ′ .
Theorem 2.1 [4] The matrix entries of T satisfy the (h, h ′ )-deformed commu-tation relations
if and only if
where T 1 = T ⊗ I 3 and T 2 = P T 1 P and P is the super permutation matrix.
The classical limit is obtained by setting h and h ′ equal to zero.
is the quotient of the free algebra K{a, b, c, d, e, α, β, γ, δ} by the two-sided ideal J h,h ′ generated by the relations (2) of Theorem 2.1.
A quantum supergroup (super-Hopf algebra) can be regarded as a generalization of the notion of a supergroup. It is defined by
Here the quantum superdeterminant for the supermatrix T is given by
The (h, h ′ )-deformed quantum superspaces
In this subsection, we introduce an h-and h ′ -deformations of the superspaces A 1|2 and A 2|1 given in [4] . Let K x, θ 1 , θ 2 be a free algebra with unit generated by x, θ 1 and θ 2 , where the coordinate x is even, the coordinates θ 1 and θ 2 are odd.
Definition 2.3 [4]
Let I h be the two-sided ideal of K x, θ 1 , θ 2 generated by the
h with the function algebra
In accordance with this definition, we have
Note 1. Although, in the h-deformed case, the square of θ 2 is not zero, we have
) be the algebra with the odd generator ϕ and even generators y 1 , y 2 satisfying the relations
where the parameter h
Remark 2.5 Although the commutation relations between the generators of exterior algebra given in the above definition seem to be obtained by taking −h ′ instead of h ′ in [4] , due to the odd character of h ′ , the case in reality is not exactly so. An explanation about this case will be given in Sec. 4 (see, Note 5).
As it is known, O(A 1|2 ) is comodule algebra over the bialgebra O(M(1|2)). The following theorem gives a quantum version of this fact [4] . 
where
Note 2. Using the R-matrixR h,h ′ given in (1), we can write the relations in (3) as follows
Remark 2.7 In q-deformation, there is no point in writing the matrix elements of the matrixR p,q to the right or left of the tensor product. However, this is very important in h-deformation, and care must be taken if it is written on the right hand side. (3) and (4), respectively. Definition 3.1 Let A be an arbitrary algebra with unity and Ω be a bimodule over A. A first order Z 2 -graded differential calculus over A is a pair (Ω, d) where
and Ω is the linear span of elements of the form a · db · c with a, b, c ∈ A.
A Z 2 -graded differential algebra over A is a Z 2 -graded algebra Ω = n≥0 Ω n , with the linear map d of degree 1 such that d 2 := 0 and Z 2 -graded Leibniz rule holds. Here we assume that Ω 0 := A and Ω <0 = 0. Differential structures are not unique even classically, and even more nonunique in the q-deformed case. There is, however, the following theorem (Theorem 3.2) says that differential structure in the h-deformed case is unique.
To set up a quantum de Rham complex, the differential calculus, on the quantum superspace A 1|2 h we actually choose the cotangent space or differential 1-forms . Since one can multiply forms by functions from the left and right, this must be an Ω-bimodule. 
The relations between coordinates and differentials
In this case, the quantum de Rham complex Ω(A 1|2
). The bimodule structure for this calculus is determined by the relations
Sketch of proof. To find nine cross-commutation relations satisfied between the generators of O(A 1|2 h ) and O(A

2|1
h ′ ), we first write xdθ 1 , xdθ 2 , etc. in terms of dθ 1 x, dθ 2 x, etc. as follows
In contrast to q-deformation (which exists forty-one constants there, cf. [3] ), here we have eighty-one indeterminate constants and we can determine them in four steps as Manin says in [9] .
(1) We apply the differential d from the left to the relations (3) and use relations associated with them from cross-commutation relations. In this case, a part of the constants are eliminated.
(2) We apply the operator d from the left to cross-commutation relations and compare them with the relations (7). In this case, more than half of those coefficients are eliminates.
(3) We use compatibility 2 with the left coaction of O(GL h,h ′ (1|2)). This leaves one free parameter, say B 21 12 , which is not dependent on h and/or h ′ .
2 Compatibility with the left coaction of O(GL h,h ′ (1|2)) means that (5) defines a graded differential algebra homomorphism
12 is fixed by checking associativity of the cubics. We find that the parameter B 21 12 should be equal to 1. Note 3. The relations in (8) and (7) with the matrixR can be written in the form
respectively. It is possible to define two types of the star operation on Grassmann generators. If ξ and η are two Grassmann generators and c is a complex number and c its complex conjugate, the star operation, denoted by ⋆, is defined by
and the superstar operation, denoted by #, is defined by
We know, from [4] , that the algebra O(A 1|2 h ) admits an involution with respect to the deformation parameters, one of them is pure imaginary and the other is real. 
becomes ⋆-algebra.
The following theorem says that the triple (Ω, d; ⋆) is a ⋆-calculus.
Theorem 3.4 Ifh
Proof We can define the star operation on the differentials as follows [4] (dx)
So, it can be shown that the relations (8) are indeed invariant under the star operation.
The relations with partial derivatives
We will complete the calculus by giving the following two theorems. We first introduce commutation relations between the coordinates of the quantum superspace and their partial derivatives.
Let us begin by introducing the partial derivatives of the generators of the algebra. Since (Ω, d) is a left covariant differential calculus, for any element u in O(A 1|2 h ) there are uniquely determined elements
For consistency, the degrees of the derivatives ∂ x , ∂ θ1 and ∂ θ2 should be 0, 1 and 1, respectively. 
Definition 3.5 The quantum vector fields
Proof We know that the exterior differential d can be written in terms of the differentials and partial derivatives as follows:
where f is a differentiable function. Then, if we replace f with xf in the left hand side of the equality in (15), we get
On the other hand, the right hand side of the equality in (15) has the form
Now, by comparing the right hand sides of these two equalities we obtain some relations in (14). Other relations can be found similarly.
The following theorem can be proved by using the fact that d 2 = 0 and the relations (7) together with (15).
Theorem 3.7
The commutation relations among the partial derivatives are as follows Let D be the unital algebra with the generators ∂ x , ∂ θ1 , ∂ θ2 and defining relations (16). It can be shown that the set of monomials
forms a vector space basis of D.
Theorem 3.8
The algebra D equipped with the involution determined by
becomes a ⋆-algebra.
Proof We obtain the equalities (17) from (11) . It remains to be see that the relations (16) are preserved under the star operation, which can be checked by direct calculations. Note 4. It can be also seen that the relations (14) are preserved the star operation.
4 The contraction procedure for Ω(A 1|2 h )
We consider the q-deformed algebra of functions on the quantum superspace A 1|2 q generated by X, Θ 1 and Θ 2 with the relations [8] 
and the (p, q)-deformed algebra of functions on the quantum superspace A 
where p, q ∈ K − {0}. The quantum de Rham complex Ω(A 1|2 q ) is generated by the elements of the set {X, Θ 1 , Θ 2 , dX, dΘ 1 , dΘ 2 } by adding the nine crosscommutation relations satisfied between the elements of O(A 
Proof The differential d is uniquely determined by the conditions
and the Z 2 -graded Leibniz rule. We now introduce (new) coordinates x, θ 1 and θ 2 with the change of basis in the coordinates of the q-superspace as follows [4] :
The parameters h and h ′ are two deformation parameters that will be replaced with q and p in the limits q → 1 and p → 1. Considering the differential of the generators of O(A 1|2 q ) and differentiating (23) we have
. Substituting (23) and (24) into (20), we see that the transformed objects satisfy the relations (21). Note 5. While the q-deformed calculus is constructed in [11] , the generators of the exterior algebra have been considered as the differentials of the coordinate functions. In [4] , the relations satisfied between the generators of the exterior algebra are normally found with the aid of a singular matrix g containing two Grassmann parameters, using the relations (19). Here, the generators of the exterior algebra have been obtained after a change of basis in the coordinates of the q-superspace (see, above (23) and (24)). Therefore, while de Rham complex Ω(A 1|2 h ) of the quantum superspace A 1|2 h is established, here it has been given a different definition from that one given in [4] . Note 6. Taking the limits p → 1 and q → 1 in (21), one can see that the transformed objects satisfy the commutation relations (8) given in Theorem 3.2.
Note 7. Substituting (24) into (19) and taking the limits p → 1 and q → 1, one obtains the relations (7).
If we are introduced commutation relations between the coordinates of the quantum superspace and their partial derivatives after obtaining the derivatives ∂ x , ∂ θ1 and ∂ θ2 in terms of ∂ X , ∂ Θ1 and ∂ Θ2 , we can find the relations (14) given in Theorem 3.6. Lemma 4.3 [5] The relations between the generators of O(A 1|2 q ) and partial derivatives are as follows:
Theorem 4.4 The relations of the generators of O(A
1|2
h ) with partial derivatives are as follows: 
Substituting (23) and (27) into (25), we obtain the relations (26). Note 8. We know that, in the q-deformed case, the exterior differential can be written in terms of the differentials and partial derivatives as follows:
where f is a differentiable function. If (24) and (27) are considered, then the differential d preserves its form df = (dx ∂ x + dθ 1 ∂ θ1 + dθ 2 ∂ θ2 )f.
